Choi et al. ͓Phys. Rev. B 66, 020513 ͑2002͔͒ recently presented first-principles calculations of the electronphonon coupling and superconductivity in MgB 2 , emphasizing the importance of anisotropy and anharmonicity. We point out that ͑1͒ variation of the superconducting gap inside the or the bands can hardly be observed in real samples, and ͑2͒ taking the anisotropy of the Coulomb repulsion into account influences the size of the small gap, ⌬ .
In a recent paper, 1 as well as in a follow-up paper, 2 Choi et al. presented an ab initio calculation of the superconducting transition and superconducting properties of MgB 2 . The important improvement over existing calculations was that they allowed the order parameter to vary freely over the Fermi surface, i.e., ⌬ϭ⌬(k), and at the same time took the anharmonicity into account. As a consequence, they had to compute the fully anisotropic electron-phonon interaction, (k,kЈ) and solve the corresponding Eliashberg equation. The Coulomb pseudopotential *(k,kЈ) was assumed not to depend on k and kЈ, and was treated as an adjustable parameter. First-generation ab initio calculations of the superconducting transition and superconducting properties of MgB 2 had assumed ⌬ to be constant and had therefore solved merely the isotropic Eliashberg equation. 3 Moreover, anharmonicity had been neglected. It was soon pointed out 4 that the calculated electron-phonon coupling suggests that the gap on the two sheets of the Fermi surface is smaller than that on the two sheets, and that anharmonicity is important. This led to the so-called two-band model. Ab initio calculations of the second generation 4 -6 allowed for two, and sometimes four gaps, ⌬ n , and thus had to compute nn Ј to estimate the anisotropy of nn Ј * , and to solve the corresponding Eliashberg equations.
Here we shall comment on ͑1͒ whether consequences of anisotropy beyond that of the two-band model may be observed and ͑2͒ whether at this level of detail the assumption of a uniform Coulomb repulsion made by Choi et al. is warranted.
͑1͒ Reference 1 implies that there is a distribution of gaps within the and the sheets, not only in the calculations for perfectly clean MgB 2 , but also in the actual material; in other words, that the distribution of gaps shown in Fig. 2 of Ref. 2 is observable. However, in the theory of anisotropic superconductivity it is known that any intraband nonuniformity of the order parameter is suppressed by strong intraband impurity scattering. It is not immediately obvious, though, when scattering should be considered strong in this connection. Since excitation gaps are not equal to the order parameters anymore, one needs to compare individual densities of states ͑DOS͒, N(E), for the two bands ͑or the two bands͒ with each other for a given scattering strength, and check whether ͉N 1 ϪN 2 ͉Ӷ͉N 1 ϩN 2 ͉. The relevant expression can be found in Ref. 7 . In the limit of large scattering rates, ␥, one can derive an analytical expression for this criterion, namely, ␥Ͼͱ͗⌬͘␦⌬ ͑Ref. 8͒, where ͗⌬͘ is the average order parameter, and ␦⌬ is the variation of the order parameter over the Fermi surface in question. With the data from Refs. 1 and 2 for ͗⌬͘ and ␦⌬, this gives characteristic scattering rates of, respectively, 2 and 1.5 meV for the and bands. Therefore, to observe four distinct gaps in MgB 2 one needs samples with scattering rates smaller than 2 meV, that is, with mean free paths beyond 1500 Å. To observe gap variations beyond the four-band model, far cleaner samples are needed. This is the reason why at most two distinct gaps have been observed in experiments. It is even surprising that the difference of 5 meV between the gaps of the and the bands is not smeared out. This seems to be due to the inability of common impurities to couple between the disparate and band wave functions, 9 so that ␥ Ӷ␥ ϳ␥ .
͑2͒ For the Coulomb pseudopotential, Choi et al. used *(k,kЈ)ϭ*( c )ϭ0.12 ͑with the cutoff frequency c Ϸ5 ph max ) and stated that the superconducting properties of MgB 2 were not very sensitive to the choice of *( c ). This at first seems plausible, because the Coulomb pseudopotential enters the Eliashberg equation only in the combination (k,kЈ,ϪЈ)Ϫ*(k,kЈ), and the distribution varies on the scale of ϳ1.8, ϳ0.3, and ϳ0.2 for , , and scattering, respectively ͓see Fig. 3 of Ref. 1͔. Therefore, at most the scattering can be influenced by anisotropy of *. We shall argue that the interband Coulomb matrix elements are considerably smaller than the intraband matrix elements due to the very small overlap of theand -band charge densities 5 and that this is sufficient to influence the superconducting properties, in particular the size of the small gap, ⌬ .
Choi et al. do not give the band-integrated values of their coupling constants, but by integrating Fig. 3 of Ref. 1 with the DOS ratio N /N ϭ1.37 according to
for the phonon-mediated coupling of an electron in band n to all electrons in band nЈ, we can map the fully anisotropic These differences are hardly due to intraband anisotropy, first of all because it can only increase T c . Second, increasing the number of gaps from two to four in the Eliashberg equations, which should account for most of the anisotropy beyond the two-gap model, we found rather small changes. 10 If, on the other extreme, we assume that there is no Coulomb repulsion between the and electrons, then the corresponding two-gap treatment gives the full lines in Fig. 1 and, hence, T c ϭ38 K, ⌬ ϭ6.5 meV, and ⌬ ϭ1. shown in Fig. 1 is adjusted to produce the same T c of 39 K, the value of the lower gap changes from Ϸ2 meV ͑diagonal͒ to Ϸ0.4 meV ͑uniform͒.
That uniform and diagonal Coulomb pseudopotentials yield different results is not surprising. The same total Eliashberg * in the uniform case is distributed over intraand interband terms so that the part of the pairing interaction suffers less than in the case of a diagonal *. is more important for the critical temperature, and for generating ⌬ . For uniform *, therefore, the T c and ⌬ are larger, and ⌬ is much smaller.
Having demonstrated that the assumed structure of * matters for the details of the superconducting properties of MgB 2 , 11 the size of ⌬ in particular, let us finally estimate this structure from first principles. The unrenormalized is the matrix element ͗nk↑,nϪk↓͉V C ͉nЈkЈ↑,nЈϪkЈ↓͘ for scattering a Cooper pair from state ͉nЈkЈ͘ to state ͉nk͘ via a phonon with wave vector kϪkЈ. Inserting this matrix element in Eq. ͑1͒ instead of (k,kЈ,0) yields nn Ј . Here V C (r,rЈ) is the screened Coulomb interaction between the electrons, and since it has short range in good metals, it makes sense to take it proportional to the delta function ␦(rϪrЈ). This leads to the following estimate:
where ͉(r)͉ n 2 ϵ ͚ k ͉ nk (r)͉ 2 ␦( nk )/N n is the shape, normalized to 1 in the cell or the crystal, of the electron density of band n at the Fermi level. These and densities are shown in Fig. 2, and 
͑3͒
These ratios reflect the facts that the density is more compact than the density, and that the overlap of these two densities is small. Note that the exceptional smallness of the interband impurity scattering 9 in MgB 2 is due not only to this difference in charge density, but also to a disparity of the and wave functions. From Eqs. ͑2͒ and ͑3͒ we get : : : ϭ3.1:2.6:1.4:1. Now, any anisotropy in the bare pseudopotential is further enhanced in the renormalized *. In the one-band case is renormalized as *( c )ϭ/͓1 ϩln(W/ c )͔, where W is a characteristic electronic energy of the order of the bandwidth or plasma frequency. For the multiband case, this is a matrix equation with W being a diagonal matrix with elements W n . Assuming for simplicity that ϭ ϭA with AϾ1, and that log(W / c )ϭ log(W / c )ϭL, one obtains A*ϭA ϩ(AϪA Ϫ1 )L. For MgB 2 , Lϳ0.5-1 and Aϳ2.3, so that A*ϳ3 -4, which is very different from the uniform .
In conclusion, any difference between the results of the fully anisotropic Eliashberg formalism and those of the twogap formalism will hardly be observable in real MgB 2 samples. On the other hand, the anisotropy of the Coulomb pseudopotential is likely to have an observable effect on the size of the small gap, ⌬ .
